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We study non-radial oscillations of neutron stars with superfluid baryons, in a general relativistic
framework, including finite temperature effects. Using a perturbative approach, we derive the equa-
tions describing stellar oscillations, which we solve by numerical integration, employing different
models of nucleon superfluidity, and determining frequencies and gravitational damping times of
the quasi-normal modes. As expected by previous results, we find two classes of modes, associated
to superfluid and non-superfluid degrees of freedom, respectively. We study the temperature depen-
dence of the modes, finding that at specific values of the temperature, the frequencies of the two
classes of quasi-normal modes show avoided crossings, and their damping times become comparable.
We also show that, when the temperature is not close to the avoided crossings, the frequencies of
the modes can be accurately computed by neglecting the coupling between normal and superfluid
degrees of freedom. Our results have potential implications on the gravitational wave emission from
neutron stars.
PACS numbers: 04.40.Dg, 97.60.Jd, 47.75.+f, 47.37.+q, 97.10.Sj, 04.30.-w
I. INTRODUCTION
When a neutron star (NS) is excited by an external
or internal event – such as a glitch, a close interaction
with an orbital companion, or the gravitational collapse
from which it is born – it can be set into non-radial os-
cillations, emitting gravitational waves (GWs) at the fre-
quencies of its quasi-normal modes (QNMs). Such oscil-
lations are damped, due to GW emission and to dissipa-
tive processes. In some cases – for instance, in presence
of rotation – unstable modes can also be present in the
spectrum; these modes do not require a specific excita-
tion mechanism, since small fluctuations in this case grow
exponentially.
The QNMs of a NS carry invaluable information on the
state and composition of matter at the extreme densities
and pressures prevailing in its core, which are still poorly
understood (see, e.g., [1] and references therein). Detec-
tion of the gravitational emission from a non-radially os-
cillating NS (by second- or, more likely, third-generation
gravitational interferometers [2, 3]) would allow us to
measure the frequencies and damping times of the NS
QNMs, extracting information on the behaviour of mat-
ter in the stellar core [4–6]. In addition, NS oscillations
are probably associated to a wide variety of interesting
astrophysical phenomena, such as quasi-periodic oscilla-
tions of the electromagnetic radiation observed in giant
flares of soft gamma repeaters [7–10].
It is then not surprising that in the last decades, a huge
effort has been done, on the theoretical side, to model – in
a general relativistic framework – NS oscillations, taking
into account all relevant features of the matter composing
the NS. For many years, however, most studies neglected
an important feature of NS matter: baryon superfluidity.
Theoretical studies (see, e.g., reviews [11, 12]) show
that baryon matter in NS cores becomes superfluid at
T . 108−1010 K. This is also suggested by astrophysical
observations. For instance, it is difficult to explain the
phenomenon of pulsar glitches without invoking baryon
superfluidity [13]. Recent observations of the real-time
cooling of the NS in Cassiopeia A supernova remnant [14,
15] can also be explained by NS models with superfluid
baryons in the core [16, 17].
Non-radial oscillations of relativistic stars have been
studied since the late sixties (e.g., [18–21]), but the pi-
oneer works neglected superfluidity. Oscillations of su-
perfluid stars, in which different components of the fluid
can have different velocities, were first studied in a New-
tonian framework [22–36], and, more recently, in general
relativity [37–42]. Most of these papers assumed van-
ishing temperature. However, this approximation is not
justified: although after the first minutes of life, the tem-
perature T of a NS is much lower than the Fermi energy
of neutrons [which allows one to use a zero-temperature
equation of state (EoS)], it can be comparable to the crit-
ical temperature Tci at which baryon species i becomes
superfluid. Therefore, the temperature T determines the
fraction of paired baryons as well as the size of the su-
perfluid region in the core and thus affects the dynamical
properties of a NS. As discussed in [41, 43], the assump-
tion T = 0 can lead to qualitatively incorrect results.
Non-radial oscillations of superfluid NSs in general rel-
ativity, taking into account finite temperature effects,
have first been studied in [41, 42], in the so-called “de-
coupled limit”, in which the (small) coupling between
non-superfluid and superfluid degrees of freedom is ne-
glected (see also [44]). In this paper we do not ne-
glect this coupling. We derive the fully coupled equa-
tions describing non-radial oscillations of non-rotating,
superfluid NSs, generalizing the equations of Lindblom
& Detweiler [19, 20] to the case of superfluid nuclear
matter. We also perform numerical integrations of these
2equations, finding the frequencies and the gravitational
damping times of the QNMs. We consider two different
models of baryon superfluidity, which – in our opinion –
capture the features of the models presently studied in
the literature. Since our stellar models are non-rotating
(and no other source of instability, such as convection, is
present), we only have stable, damped QNMs.
The paper is organized as follows. In Sec. II we briefly
review superfluid finite temperature hydrodynamics. In
Sec. III we derive and discuss the perturbation equations,
and their numerical implementation. In Sec. IV we de-
scribe the microphysics input and the equilibrium stellar
models adopted in this paper. In Sec. V we show and
discuss the results of our numerical integrations, and in
Sec. VI we draw our conclusions. The explicit expression
of our perturbation equations is given in the Appendix.
II. SUPERFLUID FINITE-TEMPERATURE
HYDRODYNAMICS
The equations of superfluid relativistic finite-
temperature hydrodynamics were reviewed in many
papers, see, e.g., Refs. [42, 43, 45, 46]. Here, following
Ref. [42], we assume that the matter of NS cores consists
of neutrons (n), protons (p) and electrons (e), i.e.,
npe-matter; and that when the temperature is small
enough (see below), neutrons are superfluid, and protons
are superconducting.
Superfluidity affects the dynamical properties of a
fluid, leading to a possibility of co-existence, without dis-
sipation, of several independent motions with different
velocities [47]. In particular, superfluid npe-matter is de-
scribed by the three four-velocities: uµ, vµs(n), and v
µ
s(p),
where uµ is the velocity of the normal (non-superfluid)
liquid component (electrons and Bogoliubov excitations
of neutrons and protons) and vµs(i) is the “superfluid”
velocity of particle species i = n or p (the velocity of su-
perfluid condensate of species i). In what follows, instead
of vµs(i), we will use the four-vector w
µ
(i) = µi[v
µ
s(i) − u
µ],
where µi is the relativistic chemical potential for particle
species i.
The existence of two additional velocities in superfluid
npe-matter modifies the expressions for neutron and pro-
ton conserved current densities, which become
jµ(i) = niu
µ + Yikw
µ
(k) (1)
(c.f. with the ordinary expression jµ(i) = niu
µ). At the
same time, the electron current density remains unaf-
fected by superfluidity,
jµ(e) = neu
µ. (2)
Here and below, the indexes (i, k, l) refer to parti-
cle species; in particular, indexes i, k refer to nucle-
ons (i, k = n , p), l refers to nucleons and electrons
(l = n, p, e); nl is the number density of the particle
specie l. Greek letters (µ, ν, . . .) refer to spacetime in-
dexes, and the index j refers to purely spatial indexes.
Unless otherwise stated, a summation is assumed over
repeated indexes. We use geometrized units in which
G = c = 1.
In Eq. (1), Yik is the symmetric relativistic entrain-
ment matrix, which is a generalization of the so-called
Andreev-Bashkin matrix ρik [48–51] to the relativistic
case [52, 53]. It was first introduced in Ref. [45] and accu-
rately calculated in Refs. [52–54]. In the non-relativistic
limit this matrix is related to ρik by the condition
ρik = mimk Yik, (3)
where mi is the bare nucleon mass, and there is no sum
over the indexes i, k. In the case of a one-component
superfluid liquid, ρik reduces to the so-called superfluid
density ρs (see, e.g., [47]). The (symmetric) matrix
Yik generally depends on the Landau parameters F
ik
1
of asymmetric nuclear matter and on the temperature
T [53]. In beta-equilibrium Yik can be expressed as a
function only depending on the energy density ρ (or the
baryon number density nb = nn + np) and the combi-
nations T/Tcn and T/Tcp, Yik = Yik(ρ, T/Tcn, T/Tcp),
where Tcn(ρ) and Tcp(ρ) are the density-dependent neu-
tron and proton critical temperatures, respectively. If,
for example, T > Tcn, then all neutrons are normal and
the corresponding matrix elements Ynk = Ykn vanish.
In what follows we will be interested in low-frequency
oscillations of a NS (p- and f -modes) which are well below
the electron and proton plasma frequencies, and therefore
preserve quasi-neutrality, ne = np. For a non-rotating
non-magnetized NS this condition, together with conti-
nuity equations for electrons and protons, implies that
jµ(p) = j
µ
(e) or, in view of Eqs. (1) and (2), that
Ypkw
µ
(k) = 0, (4)
that is, wµ(p) and w
µ
(n) are interrelated.
We introduce two four-vectors which will be useful
later,
Xµ =
Ynkw
µ
(k)
nb
, (5)
which depends on the superfluid degrees of freedom, and
Uµ(b) = u
µ +Xµ, (6)
which we call “baryon four-velocity” (strictly speaking,
Uµ(b) is not a four-velocity, since U
µ
(b)U(b)µ = −1 only in
the linearized theory; see the footnote 4 in Ref. [42] for
more details). As follows from Eqs. (1), (2) and (4), the
baryon current density jµ(b) = j
µ
(n)+ j
µ
(p) is related to U
µ
(b)
by the standard equation
jµ(b) = nb U
µ
(b), (7)
while jµ(e) equals
jµ(e) = ne
[
Uµ(b) −X
µ
]
. (8)
3Together with the quasi-neutrality condition (ne = np)
and Eq. (4), the equations of superfluid hydrodynamics
are (e.g., Ref. [42]):
(i) Continuity equations for baryons (b) and electrons
(e),
jµ(b);µ = 0, (9)
jµ(e);µ = 0. (10)
(ii) Energy-momentum conservation
T µν;µ = 0, (11)
where the stress-energy tensor for the superfluid
described above is:
T µν = (P + ρ)uµuν + Pgµν
+ Yik
(
wµ(i)w
ν
(k) + µi w
µ
(k)u
ν + µk w
ν
(i)u
µ
)
.(12)
(iii) Potentiality condition for superfluid motion of neu-
trons
∂ν
[
w(n)µ + µnuµ
]
= ∂µ
[
w(n)ν + µnuν
]
. (13)
(iv) The second law of thermodynamics
dρ = T dS + µl dnl +
Yik
2
d
(
wα(i)w(k)α
)
. (14)
In formulas (9)–(14) gµν is the metric tensor; ∂µ ≡
∂/(∂xµ); ρ, S, and µe are the energy density, entropy
density, and relativistic electron chemical potential, re-
spectively. Finally, P is the pressure given by
P = −ρ+ µlnl + TS. (15)
The equations of superfluid hydrodynamics described
above should be supplemented by two additional con-
ditions on the four-vectors uµ and wµ(n),
uµu
µ = −1, (16)
uµw
µ
(n) = 0 , (17)
i.e., the normalization condition for the four-velocity uµ,
and the requirement that in the comoving frame, the
four-vector wµ(n) is purely spatial. Then we have, using
Eqs. (1), (12), (16) and (17), nl = −uµj
µ
(l) (l = n, p, e)
and ρ = uµuνT
µν .
III. PERTURBATIONS OF NEUTRON STARS
WITH A SUPERFLUID PHASE
The theory of relativistic stellar perturbations has been
developed, e.g., in Refs. [18–21]. It allows one to de-
scribe the oscillations of a relativistic star (such as a NS),
and in particular to determine the QNMs of the star.
We have generalized this theory, originally developed to
describe non-superfluid matter, to include a superfluid
phase, which is described within the approach discussed
in Sec. II. We here present the derivation of this general-
ization. Our starting point is the Lindblom & Detweiler
(LD) formulation of the relativistic theory of stellar per-
turbations for non-superfluid stars [19, 20]. We follow
the notation and conventions of Ref. [20].
A. The stationary, spherically symmetric
background
We describe stellar oscillations as linear perturbations
of a stationary, spherically symmetric background, i.e.,
we expand
gµν = g
(0)
µν + δgµν ,
uµ = u(0)µ + δuµ ,
Uµ(b) = U
(0)µ
(b) + δU
µ
(b). (18)
The Schwarzschild background metric g
(0)
µν , in the coor-
dinates xµ = (t, r, θ, φ), can be written as
(ds(0))2 = −eνdt2 + eλdr2 + r2(dθ2 + sin2 θdφ2), (19)
where ν(r), λ(r) are solutions to Eqs. (21) [see be-
low]. The background normal four-velocity is u(0)µ =
(e−ν/2, 0, 0, 0).
In a non-rotating and non-magnetized star, the unper-
turbed velocities of normal and superfluid liquid compo-
nents coincide, that is (see, e.g., [42, 43, 45])
w
(0)µ
(n) = w
(0)µ
(p) = X
(0)µ = 0. (20)
Hence U
(0)µ
(b) = u
(0)µ = (e−ν/2, 0, 0, 0) [see Eq. (6)], while
the background stress-energy tensor has exactly the same
form as for a perfect fluid in the absence of superfluidity:
T
(0)
µν = (ρ(0) + P (0))u
(0)
µ u
(0)
ν + P (0)g
(0)
µν . In other words,
the stationary configuration, i.e., the structure equations
and the background spacetime metric, are not affected
by superfluidity (see Ref. [45] for a detailed discussion of
this issue).
Therefore, the hydrostatic structure of a super-
fluid non-rotating NS is determined by the solution of
standard Tolman-Oppenheimer-Volkov (TOV) equations
[hereafter, a prime denotes differentiation with respect to
the radial coordinate r and the notation Z(0) denotes the
value of some generic quantity Z (e.g., P , ρ, etc.) in the
unperturbed star],
ν′ =
2eλ
r2
(m+ 4πP (0)r3),
m′ = 4πρ(0)r2,
P (0) ′ = −
1
2
(ρ(0) + P (0))ν′ , (21)
4where m(r) = r(1 − e−λ)/2 is the gravitational mass
inside the radius r. If the equation of state (EoS), pro-
viding a relation between P (0) and ρ(0), is known, the
TOV equations allow to compute the gravitational mass
M and the circumferential radius R of the NS.
In general, the EoS has the form P = P (nb, xS , xl),
where xS is the entropy per baryon, and xl = nl/nb are
the chemical fractions of different species. Notice that
since the stellar temperature is much smaller than the
chemical potentials, thermal effects do not affect the EoS
(but they are relevant for the transition to the superfluid
phase). Similarly, superfluidity of baryons in NS interiors
does not significantly affect the EoS, because the super-
fluid energy gaps are negligible in comparison with the
chemical potentials. Moreover, as discussed in Section II,
we consider npe-matter assuming charge quasi-neutrality
(np = ne). Therefore, the fluid can be described by a
two-parameter EoS, say P = P (nb, xe).
B. Linear perturbations and harmonic expansion
We shall only consider perturbations with polar par-
ity, with harmonic index l ≥ 2. The perturbations of
the spacetime metric are expanded in tensor spherical
harmonics, and Fourier transformed, as follows:
δgµνdx
µdxν = −
[
eνH lm0 dt
2 + 2iωrH lm1 dtdr
+eλH lm2 dr
2 + r2K lm(dθ2
+sin2 θdφ2)
]
rlY lmeiωt, (22)
where Y lm(θ, φ) are the usual spherical harmonics (not
to be confused with the entrainment matrix Yik), while
the functions H lm0 , H
lm
1 , H
lm
2 , K
lm depend on r only.
1. Non-superfluid phase
The perturbations of the fluid four-velocity are ex-
panded in tensor spherical harmonics, and Fourier trans-
formed, as:
δuµ =
(
δu0, iωe−(ν+λ)/2rl−1W lmY lm,
−iωe−ν/2rl−2V lmY lm,θ ,
−iωe−ν/2rl−2 sin−2 θV lmY lm,φ
)
eiωt , (23)
where the functions W lm and V lm depend on r only. In
addition, if we denote a generic (scalar) fluid quantity
(such as P , ρ, nb, etc.) as Z, its Eulerian perturbation
δZ is decomposed as
δZ = δZ lmrlY lmeiωt . (24)
The Lagrangian perturbation ∆Z (i.e., the perturbation
of a given fluid element) is related to δZ by
∆Z = δZ + ξjZ,j, (25)
where ξj is the Lagrangian displacement of the fluid
element, related to the four-velocity perturbation by
δuj = uµξj,µ = iωe
−ν/2ξj (recall that the index j denotes
space components, i.e. j = 1, 2, 3). We note that, in the
linear approximation, uµZ,µ = iωe
−ν/2(δZ + ξjZ
(0)
,j ) =
iωe−ν/2∆Z. The Lagrangian perturbation of the quan-
tity Z is expanded as ∆Z = ∆Z lmrlY lmeiωt. From
Eq. (23), we can see that ξr = e−λ/2W lmrl−1Y lmeiωt,
therefore
∆Z lm = δZ lm + Z(0) ′
e−λ/2
r
W lm . (26)
2. Superfluid phase
As discussed in Sec. II, in a superfluid phase we in-
troduce the four-vector Uµ(b) = u
µ + Xµ, which we call
“baryon four-velocity”, satisfying (at first order in the
perturbations) Uµ(b)U(b)µ = −1. In equilibrium U
(0)µ
(b) =
u(0)µ = (e−ν/2, 0, 0, 0) and its perturbation δUµ(b) has the
same expansion as δuµ,
δUµ(b) =
(
δU0(b), iωe
−(ν+λ)/2rl−1W lm(b) Y
lm,
−iωe−ν/2rl−2V lm(b) Y
lm
,θ ,
−iωe−ν/2rl−2 sin−2 θV lm(b) Y
lm
,φ
)
eiωt, (27)
in terms of the perturbation functions W lm(b) (r) and
V lm(b) (r).
In a superfluid phase, we define Lagrangian perturba-
tions in terms of the baryon four-velocity; therefore, if Z
is a generic fluid quantity, Uµ(b)Z,µ = iωe
−ν/2∆Z.
C. Pulsation energy
The mechanical energy stored in a QNM with fre-
quency ω = σ + i/τGW can be evaluated, as discussed
in [42], in terms of the eigenfunctions of the mode and
can be split into two terms:
Emech = Emech (b) + Emech (sfl), (28)
where (see Eqs. (72) and (73) of Ref. [42])
Emech (b)(t) = e
−2t/τGW
σ2
2
∫ R
0
(P (0) + ρ(0))e(λ−ν)/2r2l[
|W lm(b) |
2 + l(l + 1)|V lm(b) |
2
]
dr, (29)
Emech (sfl)(t) = e
−2t/τGW
σ2
2
∫ R
0
(P (0) + ρ(0))e(λ−ν)/2r2l
y
[
|W lm(sfl)|
2 + l(l+ 1)|V lm(sfl)|
2
]
dr, (30)
and
y ≡
nbYpp
µn(YnnYpp − Y 2np)
− 1. (31)
5In Eq. (30) the perturbation functions W lm(sfl) and V
lm
(sfl)
represent the harmonic components of the four-vectorXµ
defined in Eq. (5):
Xµ =
(
0, iωe−(ν+λ)/2rl−1W lm(sfl)Y
lm,
−iωe−ν/2rl−2V lm(sfl)Y
lm
,θ ,
−iωe−ν/2rl−2 sin−2θV lm(sfl)Y
lm
,φ
)
eiωt. (32)
Vanishing of X0 follows from Eqs. (4), (5), (17), and (20)
(see also Eq. (42) of [42]). We note that Eq. (6) implies
W lm(sfl) = W
lm
(b) −W
lm,
V lm(sfl) = V
lm
(b) − V
lm . (33)
The four-vector Xµ – and thus its harmonic components
W lm(sfl), V
lm
(sfl) – is associated to superfluid degrees of free-
dom. If Xµ = 0 then superfluid degrees of freedom are
not excited and superfluid and normal liquid components
move with the same velocity (the so-called “co-moving”
oscillations, similar to those of a non-superfluid matter)
1. In this case only the first term, Emech (b), survives in
Eq. (28).
D. The Lindblom & Detweiler equations
(non-superfluid matter)
We here briefly discuss the derivation of the LD equa-
tions in the case of a NS composed of non-superfluid mat-
ter.
If we substitute the expansions (22), (23), and (24)
into the linearized Einstein’s equations
δGµν = 8πδTµν (34)
where
δTµν = (δρ+ δP )u
(0)
µ u
(0)
ν + (ρ
(0) + P (0))(u(0)µ δuν
+u(0)ν δuµ) + P
(0)δgµν + δPg
(0)
µν , (35)
we get a set of equations for the seven perturbation func-
tions H lm0 , H
lm
1 ,K
lm,W lm, V lm, δρlm, δP lm (H lm2 does
not appear explicitly in the equations because Einstein’s
equations imply H lm2 = H
lm
0 for l ≥ 2). In the LD formu-
lation [20], there are four first-order differential equations
[equations (8)–(11) of Ref. [20]] and two algebraic rela-
tions [equations (5) and (6) of Ref. [20]]. In addition,
δρlm and δP lm are related by the EoS, since
∆P lm = c2s∆ρ
lm (36)
1 Here and in what follows by “superfluid” we, by definition, under-
stand degrees of freedom associated with the vector Xµ, whose
spatial components depend on the difference between the normal
and superfluid velocities (see Sec. II). Correspondingly, by “nor-
mal” we imply degrees of freedom associated with the baryon
four-velocity Uµ
(b)
. We remark that this is only a convention,
even though in Sec. VC we will justify this choice a posteriori.
where
c2s ≡
(
∂P
∂ρ
)(0)
xe
. (37)
This is due to the fact that we consider non-dissipative
hydrodynamics, therefore in the oscillation timescale
∆xe = 0, and the term (∂P/∂xe)ρ∆xe in Eq. (36)
vanishes. The property ∆xe = 0 can be shown, for
instance, as follows. Continuity equation for baryons
[(nbu
µ);µ = 0] can be written as
uµnb,µ + nbu
µ
;µ = iωe
−ν/2∆nb + nbu
µ
;µ = 0 . (38)
Since continuity equation for electrons [(neu
µ);µ = 0] also
holds, we have that iωe−ν/2∆ne + neu
µ
;µ = 0, which,
compared with (38), yields ∆nb/nb = ∆ne/ne, and then
∆xe = 0. We remark that Eq. (36) is equivalent to
∆P lm =
γP (0)
n
(0)
b
∆nlmb , (39)
where
γ ≡
n
(0)
b
P (0)
(
∂P
∂nb
)(0)
xe
. (40)
Eq. (36) [or, equivalently, (39)] allows one to reduce the
number of perturbation functions to six:
H lm0 , H
lm
1 ,K
lm,W lm, V lm, X lm, (41)
where we have defined
X lm ≡ −eν/2∆P lm = −eν/2δP lm − P (0) ′
e(ν−λ)/2
r
W lm
(42)
(not to be confused with the four-vector Xµ introduced
in the previous Section). Therefore, in the non-superfluid
case the LD equations are fully determined, because they
are six (differential or algebraic) equations for six pertur-
bation functions.
The relation between δP lm and δρlm (or between δP lm
and δnlmb ) only affects one of the LD equations, namely
W lm ′ = −
l+ 1
r
W lm + reλ/2
[
e−ν/2
γP (0)
X lm
−
l(l+ 1)
r2
V lm +
1
2
H lm0 +K
lm
]
. (43)
To show how this occurs let us note that Eq. (43) can be
derived from the continuity equation for baryons, which
in our perturbative scheme can be written in the form
(38). Substitution of the perturbative expansion for the
four-velocity (23) into Eq. (38) yields
W lm ′ = −
l + 1
r
W lm + reλ/2
[
−
∆nlmb
n
(0)
b
−
l(l+ 1)
r2
V lm +
1
2
H lm0 +K
lm
]
. (44)
Then, using Eq. (39) together with the definition (42),
we obtain Eq. (43), that is, Eq. (10) in the article by
Detweiler & Lindblom [20].
6E. Perturbation equations for a superfluid star
A remarkable property of the formulation of Refs. [42,
44] is that in a superfluid phase the stress-energy tensor
perturbation has formally the same form as in a non-
superfluid phase [see Eq. (35)], with δuµ replaced by
δUµ(b):
δTµν = (δρ+ δP )U
(0)
(b)µU
(0)
(b) ν +
(
ρ(0) + P (0)
) [
U
(0)
(b)µδU(b) ν
+U
(0)
(b) νδU(b)µ
]
+ P (0)δgµν + δPg
(0)
µν . (45)
Therefore, the perturbation equations have formally the
same expressions as the LD equations, with W lm and
V lm [the variables of the expansion (23)] replaced, re-
spectively, by W lm(b) and V
lm
(b) [the variables of the expan-
sion (27)]. The only exception is equation (10) of Ref.
[20] [i.e., Eq. (43) of this paper], which was derived by
making use of the relation (39), not valid in superfluid
matter (see below).
As we have noted in Sec. III D, Eq. (43) follows
from the perturbative expansion of the baryon continu-
ity equation and from Eq. (39), which relates ∆P lm and
∆nlmb . We shall now determine how these equations are
modified in the superfluid case.
As discussed in Sec. II, the baryon current density
jµ(b) = nbU
µ
(b) and the electron current density j
µ
(e) =
ne[U
µ
(b) − X
µ] satisfy the continuity equations jµ(b) ;µ =
jµ(e) ;µ = 0. This implies[
nbU
µ
(b)
]
;µ
= 0, (46)[
neU
µ
(b)
]
;µ
= (neX
µ);µ . (47)
Following [42], we define
δne (sfl) ≡
eν/2
iω
(neX
µ);µ . (48)
The continuity equation for baryons (46) has the same
form as in the non-superfluid case [with uµ replaced by
Uµ(b)], and its perturbative expansion yields [see Eq. (44)]
W lm ′(b) = −
l+ 1
r
W lm(b) + re
λ/2
[
−
∆nlmb
n
(0)
b
−
l(l+ 1)
r2
V lm(b) +
1
2
H lm0 +K
lm
]
. (49)
The continuity equation for electrons (47), instead, is
different from that in the non-superfluid case, and gives
∆ne
n
(0)
e
−
δne(sfl)
n
(0)
e
=
ieν/2
ω
Uµ(b) ;µ =
∆nb
n
(0)
b
. (50)
This implies that (expanding δne(sfl) = δn
lm
e(sfl)r
lYlme
iωt) ,
n
(0)
b ∆x
lm
e = ∆n
lm
e − x
(0)
e ∆n
lm
b = δn
lm
e(sfl) . (51)
In the superfluid case, then, ∆xlme does not vanish, and
Eq. (39) is replaced by
∆P lm =
γP (0)
n
(0)
b
∆nlmb +
(
∂P
∂xe
)(0)
nb
δnlme(sfl)
n
(0)
b
. (52)
Therefore
−
∆nlmb
n
(0)
b
= −
∆P lm
γP (0)
+
1
γP (0)n
(0)
b
(
∂P
∂xe
)(0)
nb
δnlme(sfl)
=
e−ν/2
γP (0)
X lm, (53)
where we have defined
X lm ≡ X lm + eν/2
(
∂P
∂ne
)(0)
nb
δnlme(sfl) . (54)
Eq. (44) is then replaced, in the superfluid case, by
W lm ′(b) = −
l + 1
r
W lm(b) + re
λ/2
[
e−ν/2
γP (0)
X lm
−
l(l+ 1)
r2
V lm(b) +
1
2
H lm0 +K
lm
]
. (55)
The new set of equations depends on a new perturbation
quantity, δnlme(sfl), which, as shown in Ref. [42], can be
expressed in terms of the redshifted chemical potential
imbalance δµ∞, defined as:
δµ∞ = eν/2δµ ≡ eν/2(µn − µp − µe) . (56)
Note that δµ∞ is a first order quantity, since it vanishes
on the background. As discussed in Refs. [41, 42, 44],
the chemical potential imbalance is related to the space
components of the four-vector Xµ = Uµ(b) − u
µ by
Xj =
ine
µnnbωy
∂j(δµ
∞), (57)
where y is given by Eq. (31). Expanding 2 δµ∞ =
δµlmrlYlme
iωt, we have [cf. Eqs. (92) and (100) of Ref.
[42]]:
δnlme(sfl) =
e−ν/2(
∂δµ
∂ne
)(0)
nb
(δµlm − δµlmnorm), (58)
where
δµlmnorm ≡ e
ν/2n
(0)
b
(
∂δµ
∂nb
)(0)
xe
βlm1 (59)
2 Note that this expansion is slightly different from that in Ref.
[42]; the quantity δµlm appearing in Ref. [42] reads, with our
conventions, rlδµlm.
7with
βlm1 = K
lm +
1
2
H lm0 −
e−λ/2
r
(
W lm ′(b) +
l + 1
r
W lm(b)
)
−
l(l+ 1)
r2
V lm(b) . (60)
Substituting this expression into Eq. (55), we find
βlm1 = −
e−ν/2
γP (0)
X lm (61)
and from Eqs. (54), (58), (59) we finally obtain
X lm =
1
1− γ2
(
X lm + γ3n
(0)
b δµ
lm
)
, (62)
where
γ2 ≡
(
∂P
∂ne
)(0)
nb(
∂P
∂nb
)(0)
xe
(
∂δµ
∂nb
)(0)
xe(
∂δµ
∂ne
)(0)
nb
, γ3 ≡
(
∂P
∂ne
)(0)
nb
nb
(
∂δµ
∂ne
)(0)
nb
. (63)
The perturbation functions (H lm0 , H
lm
1 , K
lm,W lm(b) , V
lm
(b) ,
X lm) are then coupled by Eqs. (55) to the new quantity
δµlm, describing the superfluid degrees of freedom.
The equation for the perturbation function δµlm fol-
lows from the energy-momentum conservation (11) and
the potentiality condition (13), and was obtained in Ref.
[42]. In the notations of this article, it can be written as
δµlm ′′ = −
[
h′
h
−
λ′
2
+
2(l+ 1)
r
]
δµlm ′
−
[
(1 − eλ)
l(l + 1)
r2
+
l
r
(
h′
h
−
λ′
2
)]
δµlm
+eλ−ν/2
ω2
hB
[
δµlm +
γ2
n
(0)
b γ3
X lm
]
, (64)
where
B ≡
(
∂δµ
∂ne
)(0)
nb
; h ≡ eν/2
n
(0) 2
e
µ
(0)
n n
(0)
b y
. (65)
We can conclude that, in the case of superfluid matter,
the LD equations are modified as follows:
• the functionsW lm(r) and V lm(r) are replaced with
W lm(b) (r) and V
lm
(b) (r), respectively;
• a new perturbation function δµlm, satisfying
Eq. (64), is introduced;
• Eq. (10) of Ref. [20] is replaced by our Eq. (55).
Note that the quantity X lm (which is related to
δµlm by Eq. (62)) only enters in this equation; the
other LD equations [Eqs. (5), (6), (8), (9), (11) of
[20]] depend on X lm ≡ −eν/2∆P lm, and have the
same form (with the replacementW lm →W lm(b) and
V lm → V lm(b) ) as in the non-superfluid case.
The full set of the perturbation equations is summarized
in the Appendix.
F. Boundary conditions
We look for solutions of the perturbation equations
describing a star oscillating in its QNMs. We here discuss
the boundary conditions corresponding to such solutions.
The boundary conditions depend on the structure of
the superfluid phase of neutrons. Microscopic calcula-
tions predict the so-called bell-shaped profile of critical
temperature (see Sec. IV), which has a maximum at a
certain value of the density, and decreases at larger and
lower densities (see, e.g., Figs. 1 and 2). As a result,
depending on the parameters of the neutron critical tem-
perature profile, stellar model, and stellar temperature
we have two possibilities: two-layer stars or three-layer
stars.3
In the case of a two-layer star we have a superfluid in-
ternal layer [where T (r) < Tcn(r)] and a non-superfluid
external layer (see Fig. 1, where the dashed region is
superfluid at a redshifted temperature T∞ = 4 × 108
K). When the maximum of Tcn corresponds to a density
which is lower than the central density of the star, con-
figurations with three layers are possible. In this case
we have non-superfluid internal and external layers and
neutron superfluidity in between (see the dashed region
in Fig. 2). We denote the inner and outer radii of the
neutron superfluid phase by ri and rf , respectively.
We note that when Tcn(r) = T (r) then h = 0, as
expected from Eqs. (31) and (65), since Yni → 0 in this
limit. Therefore, Eq. (64) implies
(
δµlm ′ +
l
r
δµlm
)
Tcn(r)=T (r)
=
[
eλ−ν/2
ω2
h′B
(
δµlm +
γ2
n
(0)
b γ3
X lm
)]
Tcn(r)=T (r)
.(66)
1. Inner boundary conditions
To impose boundary conditions at the stellar center
we have to consider an asymptotic expansion of the per-
turbation equations at r → 0. We expand the perturba-
tion functions as X lm(r) = X lm(0) + 12r
2X lm ′′(0) + . . .,
H lm1 (r) = H
lm
1 (0)+
1
2r
2H lm ′′1 (0)+ . . ., etc. and the back-
ground quantities as ρ(0) = ρ0 +
1
2r
2ρ2 + . . ., P
(0) =
P0 +
1
2r
2P2 + . . ., etc., and replace these expressions in
the perturbation equations.
• If the star has a three-layer structure, neutrons at
its center are non-superfluid, and the perturbations
at the center are described by the LD equations
3 For simplicity we do not account for superfluidity of neutrons in
the crust, which could lead to additional layers; we also assume
constant redshifted stellar temperature.
8[20]. We find at the lowest order [20]:
X lm(0) = (ρ0 + P0)e
ν0/2
{[
4π
3
(ρ0 + 3P0)
−ω2
e−ν0
l
]
W lm(0) +
1
2
K lm(0)
}
,
H lm1 (0) =
2lK lm(0) + 16π(ρ0 + P0)W
lm(0)
l(l+ 1)
. (67)
This lowest order is sufficient to solve the LD equa-
tions and find the QNMs with good accuracy: we
do not need to include second order terms in the
expansion.
Imposing the boundary conditions (67) we have, for
each value of ω, two independent solutions of the
LD equations.
We integrate the LD equations up to r = ri, where
we require W lm(b) (ri+) = W
lm(ri−), continuity of
H lm1 , K
lm, X lm, and impose Eq. (66) which al-
lows us to determine δµlm up to an arbitrary con-
stant. Therefore, we have three independent solu-
tions of Eqs. (A.1)–(A.8) satisfying the boundary
conditions.
• If the star has a two-layer structure, we have to
consider at r → 0 the asymptotic expansion of the
full set of equations (A.1)–(A.8), in which the quan-
tities W lm(b) , H
lm
1 , K
lm, X lm are coupled with the
superfluid degree of freedom δµlm. We find that the
relations (67) remain unchanged [provided that one
makes a replacementW lm(0)→W lm(b) (0)], while the
expansion of the equation (64) at r → 0, yields a
new boundary condition:
δµlm ′′(0) =
1
2l + 3
{
8πρ0
3
l(l + 2)δµlm(0)− l
h2
h0
δµlm(0)
+
e−ν0/2ω2
h0B0
[
δµlm(0) +
γ2 0
nb0γ3 0
X lm(0)
]}
. (68)
We note that since the differential equation for
δµlm is of the second order, in this case we need
to include the second order term δµlm ′′(0) in the
expansion.
Imposing the boundary conditions (67) and (68)
we have, for each value of ω, three independent
solutions of the perturbation equations (A.1)-(A.8).
2. Outer boundary conditions
At the outer boundary (r = rf ) the oscillation equa-
tions imply W lm(b) (rf −) = W
lm(rf +), and continuity of
H lm1 , K
lm, X lm. These conditions coincide with the cor-
responding boundary conditions at r = ri. The situa-
tion with the boundary condition for the quantity δµlm
is more subtle. If the superfluid phase does not extend
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FIG. 1: (color online) Left panel: Nucleon critical temper-
atures Tck (k = n, p) versus energy density ρ for model A.
Right panel: Redshifted critical temperatures T∞ck versus ra-
dial coordinate r (in units of R) for model A.
up to the crust, one has to impose Eq. (66) at r = rf . If,
instead, the superfluid phase extends up to the crust, a
boundary condition on δµlm has to be imposed at the
crust-core interface (rf = Rcc), where Eq. (66) does
not apply, because h(r = Rcc) 6= 0. In that case the
appropriate boundary condition (see Ref. [42]) follows
from the requirement of the absence of particle trans-
fer (baryons and electrons) through the interface, that
implies continuity of the radial velocity δur through the
crust-core interface; this, combined with the condition
W lm(b) (Rcc−) = W
lm(Rcc+), yields X
r = 0 at r = Rcc.
Using Eq. (57) the latter condition can be rewritten as
[41, 42] (
δµlm ′ +
l
r
δµlm
)
r=Rcc
= 0 . (69)
The condition at the outer boundary of the superfluid
phase [either (66) or (69)] reduces the number of inde-
pendent solutions to two. We then integrate the standard
LD equations, in terms of W lm, V lm, etc., up to the NS
surface, where we impose the vanishing of the Lagrangian
pressure perturbation, X lm(R) = 0. After that only one
solution meeting all the boundary conditions inside the
star survives. Outside the star we solve the Zerilli equa-
tion with two boundary conditions at the stellar surface
[55]. Finally, at infinity, we impose the vanishing of the
ingoing gravitational radiation. This condition is satis-
fied by a discrete set of (complex) frequencies ω: the
QNMs of the star.
IV. STELLAR MODELS
Microphysics input and equilibrium stellar models
adopted in the present paper are essentially the same
as in Ref. [42]. We briefly describe them here in order to
make our presentation more self-contained.
As mentioned in Sec. II, we consider the simplest npe-
matter composition of NS core. We adopt the Akmal-
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FIG. 2: (color online) Same as in Fig. 1, for model B.
Pandharipande-Ravenhall EoS [56] parametrized in Ref.
[57] in the core and the equation of state [58] in the crust.
All numerical results presented here are obtained for a
NS with mass M = 1.4M⊙. The circumferential radius
for such star is R = 12.2 km, the central density is ρc =
9.26 × 1014 g cm−3. We set the crust-core interface at
ρcc = 2 × 10
14 g cm−3, at the distance Rcc = 10.9 km
from the centre.
We consider an isothermal temperature profile, i.e., we
assume that the redshifted temperature T∞ = eν/2T is
uniform over the core of the star. We also assume triplet
pairing of neutrons and singlet pairing of protons in the
NS core. The neutron superfluidity in the stellar crust
is ignored; this assumption should not noticeably affect
global oscillations of NSs.
Following Ref. [42], we consider two models of nucleon
superfluidity, which we denote by “A” and “B”, as rep-
resentatives of a two-layer and a three-layer structure for
the superfluid NS, respectively.
In model A the redshifted proton critical temperature
is constant over the core, T∞cp ≡ Tcp e
ν/2 = 5×109 K; the
redshifted neutron critical temperature T∞cn ≡ Tcn e
ν/2
increases with the energy density ρ and reaches the max-
imum value T∞cnmax = 6 × 10
8 K at the stellar centre
(r=0). A similar model of neutron superfluidity (with
the maximum of T∞cn (ρ) at the stellar centre) has been
recently considered in Ref. [59] and agrees with the re-
sults of some microscopic calculations [60].
In model B both critical temperatures T∞cn and T
∞
cp
are density-dependent, and, depending on the value of
the temperature, the superfluid NS can have two or three
layers. A similar model of neutron superfluidity has been
recently used to explain observations of the cooling NS in
Cassiopeia A supernova remnant [16, 17], and agrees with
the results of microscopic calculations (see, e.g., Refs.
[11, 12]).
Models A and B are shown in Figs. 1 and 2. These
figures coincide with, respectively, Figs. 1 and 2 of Ref.
[42]. The functions Tci(ρ) are shown in the left panels
of both figures; the right panels show the dependence
T∞ci (r) (i = n and p). As the redshifted temperature T
∞
decreases, the size of the superfluid region [given by the
condition T∞ < T∞cn (r)] increases or remains unaffected.
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FIG. 3: Profiles of h(r) for model A (upper panel) and model
B (lower panel) for different values of stellar temperature (no-
tice, that the zero temperature limit in model B practically
coincides with the curve for T∞ = 3.16 × 107K). Vertical
dotted line corresponds to the crust-core interface, Rcc.
For illustration, we shaded in Figs. 1 and 2 the superfluid
region corresponding to T∞ = 4 × 108 K. One can see
that in model B there can be three-layer configurations of
a star with no neutron superfluidity in the centre and in
the outer region but with superfluid intermediate region,
or, for lower temperatures, two-layer configurations. In
contrast, in model A only two-layer configurations are
possible.
This can also be seen looking at the profiles of the
function h(r) defined in Eq. (65), which vanishes in the
non-superfluid region, and is non-vanishing in the super-
fluid region. In Fig. 3 we show h(r) for models A, B and
for different values of the temperature. We can see that
model A yields two-layer configurations, while in model
B we have two-layer configurations for T∞ . 2× 108 K,
and three-layer configurations for T∞ & 2 × 108 K. For
T∞ ≥ 6 × 108 K (model A) or T∞ & 5 × 108 K (model
B), the superfluid region disappears.
As we already emphasized in Sec. II, the entrainment
matrix Yik depends on the critical temperature profiles
T∞ci (ρ), and on the value of the stellar temperature T
∞
as well. We have computed Yik for the models A and B
following the same procedure as in Refs. [42, 50, 53].
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V. RESULTS
Here we describe the results of our numerical integra-
tions of the perturbative equations derived in Sec. III E,
to find the QNMs of superfluid NSs.
A. General structure of the QNM spectrum
As first noted by Epstein [22] and Lindblom and
Mendell [23], when a superfluid phase is present, there
are two classes of QNMs. The first class is formed by
“normal” (or “ordinary”) modes, which correspond (with
small deviations) to modes of a non-superfluid NS. These
modes, then, follow the standard classification (particu-
larly, for l ≥ 2) in a fundamental mode (the f -mode), and
a set of pressure modes (the pi-modes) [61]. The second
class of modes is associated to the new degrees of freedom
due to the relative motion of the fluids; they are called
“superfluid” modes. Notice, that superfluidity crucially
affects the buoyancy modes, i.e., g-modes [62, 63], which
cannot be classified neither as “normal” modes, nor as
“superfluid” modes.
There is no standard notation for the superfluid modes.
Some papers, such as [23, 24, 38], consider the superfluid
modes as belonging to an unique class, and denote them
as si, or βi, etc. Other works [28, 30], instead, follow
the suggestion of [37], where it was argued that a sort
of doubling of the degrees of freedom occurs in a super-
fluid star, so there are two modes – one ordinary and one
superfluid – for each f - or p- mode of a non-superfluid
star. Therefore, there are the fo- and the f s-modes, the
poi - and the p
s
i -modes. However, as noted in [28], this
labeling is a pure convention, also because the number of
nodes in the radial velocity eigenfunction does not always
match with the order of the mode (in addition, it is not
possible to define a single radial velocity eigenfunction in
the superfluid case). We then choose to treat the super-
fluid modes as part of an unique class, and denote them
as sfi (i = 0, 1, . . .) (we do not call them si to avoid con-
fusion with purely gravitational modes with axial parity
[64], which are also called si).
B. Comparison with the results of Refs. [41, 42]
In Refs. [41, 42] the spectrum of non-radial oscillations
for superfluid NSs was computed in the so called “de-
coupled limit”, in which equations governing the super-
fluid modes are completely decoupled from those govern-
ing the normal (“ordinary”) modes. As shown in Ref.
[44] this approximation is very well justified, because
the dimensionless parameter (the coupling constant)
s = [ne ∂P (nb, ne)/∂ne]/[nb ∂P (nb, ne)/∂nb], that cou-
ples superfluid and normal degrees of freedom is actually
small for realistic EoSs, s ∼ 0.01− 0.05.
In order to test our code, we have computed the fre-
quencies of the superfluid QNMs in the decoupled limit
T∞ = 0 K T∞ = 3.16× 107 K T∞ = 6× 107 K
(our code) [42]
0.8309 0.8311
1.6137 1.6142
2.3166 2.3174
(our code) [42]
0.8008 0.8011
1.5794 1.5799
2.2203 2.2211
(our code) [42]
0.7088 0.7090
1.1220 1.1224
1.6364 1.6370
TABLE I: Comparison between the frequencies of the first l =
2 superfluid modes (sf0, sf1, sf2), computed in the decoupled
case for model A, using the code developed for this work, and
using the code employed in Ref. [42]. The frequencies are
expressed in units of c/(2piR), as in Ref. [42].
(s = 0), and we have compared them with those obtained
in Refs. [41, 42], using a completely different code. We
have considered model A and three values of the tem-
perature: T∞ = 0 (cold star), T∞ = 3.16 × 107 K
(such that the superfluid phase fills the whole core) and
T∞ = 6× 107 K (at which the superfluid phase does not
fill the whole core). We find [see Tab. I, in which the
frequency is shown in units of ν˜ = c/(2πR)] a relative
discrepancy ∼ 10−4, which we think can be explained in
terms of the different interpolation schemes which have
been used.
C. The QNM spectrum of superfluid NSs
We have computed the frequencies and gravitational
damping times of the first QNMs of the star, including
the coupling between superfluid and non-superfluid de-
grees of freedom, for models A and B. As expected (see
Sec. VA) we find two classes of QNMs: the normal f -
and p-modes, and the superfluid modes.
1. Frequencies
In Fig. 4 we show the frequencies of the first l = 2
QNMs as functions of the redshifted temperature, for
model A (upper panel) and B (lower panel). In each
panel we can see the first two normal modes (thin hor-
izontal lines), which are the same for models A and B
and correspond to the frequencies of a non-superfluid star
with the same mass and EoS: the f -mode (at frequency
νf = 1838 Hz) and the p1 mode (at frequency νp1 = 5935
Hz). These frequencies are generally not significantly af-
fected by the presence of the superfluid phase. Thus, the
dependence of the normal-like modes on the temperature
is negligible.
Conversely, the superfluid modes strongly depend on
the temperature, because it determines the structure of
the superfluid phase. In general, the frequency of a su-
perfluid mode decreases as the temperature increases, but
in model B, at temperatures close to 2 × 108 K, the be-
haviour is different. The reason is that when the temper-
ature becomes larger than 2× 108 K, a phase transition
occurs, due to the appearance of a non-superfluid region
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at the center of the star, and the structure of the su-
perfluid NS changes from two-layers to three-layers (see
Sec. IV). This transition is evident in the lower panel of
Fig. 4. This behaviour was also evident in the decoupled
limit studied in [41, 42] (see, e.g., Fig. 6 of [42]).
Fig. 4 also shows the occurrence of avoided crossings:
at particular values of the temperature (which we call res-
onance temperatures T∞i ) the frequencies of some normal
and superfluid modes become very close, but the curves
do not cross. A detail of the avoided crossing is shown
in the inset in upper panel of Fig. 4 for model A. This
phenomenon was expected, since it occurs in the case
of radial pulsations [43–45]. A similar phenomenon was
also shown to occur, e.g., in Refs. [28, 38] (in non-rotating
stars) and [65, 66] (for inertial modes of rotating stars),
studied in the zero-temperature limit. In these cases, the
frequencies of the modes were computed as functions of
the entrainment parameter, and it was shown that those
curves had avoided crossings.
Finally, Fig. 4 shows (thin solid lines) the frequencies
of superfluid and normal modes calculated in the decou-
pled limit. It is clear that the frequencies of the QNMs
in the coupled and decoupled limits are very similar for
T∞ 6= T∞i . This is expected, since, as it was already
noted in Sec. VB, the coupling parameter s is small for
realistic EoSs [44]. The coupling is crucial to determine
the avoided crossings but, far from the resonance tem-
peratures T∞i , the frequencies of the QNMs are barely
affected by the coupling. We can conclude that the ap-
proximation of decoupled superfluid and normal modes
works perfectly well for calculation of the QNMs of su-
perfluid NSs.
2. Gravitational damping times
In Fig. 5 we show the gravitational damping times τGW
of the lowest frequency QNMs, as functions of redshifted
temperature, for model A (upper panel) and model B
(lower panel). In principle, our approach allows us to
compute τGW for all of the QNMs
4. However, when the
imaginary part of the mode is much smaller than the real
part, numerical errors make it difficult to compute the
damping times with good accuracy; this problem seems
to be more severe for temperatures . 5 × 107 K, and
for damping times & 103− 104 s. Still, we think that the
values shown in Fig. 5 provide a reliable estimate at least
of the order of magnitude of the damping times, and of
their dependence on the temperature.
We can see that at the resonance temperatures T∞i ,
the curves of the damping times do cross, and the modes
4 The approach described in Sec. III does not yield the viscous
damping times, because dissipative terms are not included into
the hydrodynamic equations. However, once the perturbation
equations are solved, the viscous damping times can be com-
puted, see, e.g., Ref. [42].
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FIG. 4: (color online) Eigenfrequencies, ν, of the first l =
2 modes as functions of the redshifted stellar temperature
T∞ for model A (upper panel) and model B (lower panel).
The oscillation modes (first 5 modes 1, . . . , 5 for model A and
first 7 modes 1, . . . , 7 for model B) are shown by alternating
dashed and dot-dashed lines. The thin lines show superfluid
and normal modes in the decoupled limit. The inset in the
upper panel shows one of the avoided crossings in detail. The
inset in the lower panel shows the first five modes near the
phase transition temperature T∞ ≈ 2×108 K. Vertical dotted
lines indicate the maximum redshifted critical temperature
for neutrons in the core (T∞cnmax = 6 × 10
8K for model A,
T∞cnmax ≈ 5.09× 10
8K for model B).
change their nature from normal to superfluid and vice
versa. Fig. 5 also shows that, far from the resonance tem-
peratures T∞i , the superfluid modes have damping times
& 102 − 103 s, much larger than those of the normal
modes (∼ 0.1 − 1 s). This result is consistent with cal-
culations of Ref. [38] and the prediction of Ref. [41] (see
also Ref. [44]) that the intensity of the gravitational ra-
diation should be smaller, by a factor of ∼ s2 ≃ 10−3, for
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FIG. 5: (color online) Damping times for the lowest frequency
modes shown in Fig. 4 for model A (upper panel) and model
B (lower panel) as functions of redshifted stellar temperature
T∞. Type of lines corresponds to that in Fig. 4. Thin solid
lines show the damping time of the f -mode in decoupled limit.
superfluid modes than for normal modes with similar fre-
quencies. Conversely, at temperatures close to T∞i , the
damping times of the superfluid modes sharply decrease,
becoming comparable with those of the corresponding
normal modes. This behaviour is due to the fact that at
T∞ ∼ T∞i , the normal and superfluid degrees of freedom
become significantly coupled. Thin lines in both pan-
els of Fig. 5 show gravitational damping times τGW for
the normal f -mode, which is calculated in the decoupled
limit (notice that τGW =∞ for superfluid modes in this
limit; thus they are not shown here).
The viscous damping time for normal and superfluid
modes τb+s, which has been computed in Ref. [42] in
the decoupled limit, shows an analogous qualitative be-
haviour. However, τb+s for normal modes is much larger
than for superfluid modes, while for gravitational damp-
ing times the situation is opposite. Comparing our results
with those of Ref. [42], we find that at moderate and high
temperatures (T∞ & 3 × 107 K) the viscous damping
times for superfluid modes are significantly larger than
the gravitational damping times. However, this compar-
ison has been only made for the lowest lying QNMs, be-
cause we have been able to compute τGW for these modes
only. We note that, as the order of the mode increases,
the gravitational damping time increases, while the vis-
cous damping time decreases [42], therefore it is reason-
able to expect that τGW becomes larger than τb+s for
high-order superfluid modes. Moreover, even low-order
modes will be damped mostly due to (shear) viscosity if
the stellar temperature is sufficiently small.
QNMs with shorter damping times are more efficient
in emitting GWs. Indeed, the GW flux can be estimated
as LGW ≃ 2Emech/τGW [18], where Emech is the me-
chanical pulsation energy stored in the mode, introduced
in Sec. III C. Therefore, for generic values of the tem-
perature the superfluid modes are not good sources of
GWs, because their damping times are large; but, at
temperatures close to the resonance temperatures T∞i ,
their damping times become comparable to those of the
normal modes, and they can become much more efficient
in emitting GWs. We can expect, then, that at certain
stages of NS thermal evolution, when a NS reaches one
of the resonance temperatures, a new QNM – in princi-
ple detectable by GW observers – can appear in the GW
spectrum.
3. Eigenfunctions
In Fig. 6 we show the velocity eigenfunctions for the
f -mode (upper panel), the p1-mode (middle panel) and
the sf0-mode (lower panel), for model A at T
∞ = 6×107
K. We show the (l = 2) quantities W lm(b) , V
lm
(b) , obtained
expanding the radial and angular components, respec-
tively, of the perturbation δUµ(b) in spherical harmonics
(27), and the quantities W lm(sfl), V
lm
(sfl) obtained expand-
ing in the same way Xµ [see Eq. (32)]. Note that the
knowledge of these quantities allows one, using Eq. (33),
to calculate also the functions W lm and V lm, defined by
the expansion of δuµ (23).
We can see that for the first superfluid mode W lm(sfl) ≫
W lm(b) , V
lm
(sfl) ≫ V
lm
(b) . This is a natural result, since the
coupling parameter s is small and superfluid oscillations
almost do not excite baryon current (see Ref. [44]). This
supports the interpretation (see Ref. [42] and the footnote
in Sec. III C) of W lm(b) , V
lm
(b) as describing non-superfluid
degrees of freedom and W lm(sfl), V
lm
(sfl) as describing super-
fluid degrees of freedom. For the first pressure mode we
obtain W lm(b) ∼ W
lm
(sfl), V
lm
(b) ∼ V
lm
(sfl), while for the funda-
mental mode W lm(sfl) ≪ W
lm
(b) , V
lm
(sfl) ≪ V
lm
(b) . The latter
result is also expected and follows from the two facts
[42]: (i) superfluid degrees of freedom (i.e., the quanti-
ties W lm(sfl) and V
lm
(sfl)) are excited by the gradient of the
chemical potential imbalance δµ [see Eqs. (32) and (57)]
and (ii) f -mode oscillations are almost incompressible
(i.e., deviation from the beta-equilibrium in the course
of f -mode oscillations is small), thus δµ is only weakly
perturbed for f -modes.
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FIG. 6: (color online) Velocity eigenfunctions,
W lm(b) , V
lm
(b) , W
lm
(sfl), V
lm
(sfl), for the l = 2 f -mode (upper
panel), the p1-mode (middle panel) and the sf0-mode (lower
panel) as functions of r calculated in model A at T∞ = 6×107
K. Vertical dotted lines correspond to the interface of the
superfluid region.
From Fig. 6 one can see that the radial velocity eigen-
functionsW lm(b) ,W
lm
(sfl) have no nodes inside the star in the
case of the f -mode, one node in the case of the p1-mode.
In the case of the sf0 mode, the eigenfunction W
lm
(b) has
one node, but W lm(sfl) (which is by far the largest) has no
nodes.
The eigenfunctions δµlm(r) for the l = 2 sf0 and sf1
modes calculated for model A and T∞ = 6 × 107 K are
shown in Fig. 7 in the coupled (dashed lines) and decou-
pled (thin solid lines) cases. The very good agreement
δµ
lm
/
δµ
lm
(r
=
0)
r/R
sfl
re
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FIG. 7: (color online) Chemical potential imbalance eigen-
function, δµlm, for the l = 2 sf0- and sf1- modes as functions
of r calculated in model A at T∞ = 6 × 107 K. Thin solid
lines are calculated in the decoupled limit, while dashed lines
are calculated including the coupling. Vertical dotted line
corresponds to the interface of the superfluid region.
between the two solutions demonstrates the accuracy of
the decoupled limit.
4. Pulsation energy
We have computed the mechanical pulsation energy
Emech = Emech (sfl) + Emech (b) stored in the QNMs, us-
ing Eqs. (29) and (30). In Table II we show the ra-
tio Emech (sfl)/Emech (b) for the f -mode, the p1-mode and
the sf0-mode, for models A and B, at different values
of the redshifted temperature. We can see that when
the star oscillates in a non-superfluid mode, Emech (sfl) ≪
Emech (b), i.e., most of the energy is stored in non-
superfluid degrees of freedom (this is more evident for
the f -mode than for the p1-mode). When a NS oscillates
in a superfluid mode, Emech (sfl) ≫ Emech (b), i.e., most
of the energy is stored in superfluid degrees of freedom,
while baryon currents are almost not excited.
VI. CONCLUSIONS
In this article we have derived the equations describing,
in a general relativistic framework, non-radial oscillations
of non-rotating NSs with a superfluid phase, including –
for the first time – finite temperature effects. We have
numerically solved these equations, finding the QNMs of
the NS. We have employed two different models of nu-
cleon superfluidity, as representatives of a two-layer and
a three-layer structure, respectively; similar models are
currently used in the literature to explain astrophysical
observations [16, 17, 59, 67, 68].
We find (as expected from previous results) two classes
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Model T∞/(108K) f p1 sf0
0.6 3.8× 10−5 6.0 × 10−3 1.5× 102
1.3 9.7× 10−2 2.4 × 10−3 6.8
A 1.5 4.6× 10−4 1.6 × 10−3 1.7× 102
2.5 1.6× 10−5 3.1 × 10−4 0.9× 102
3.0 1.2× 10−4 1.6 × 10−4 0.7× 102
0.6 2.1× 10−5 3.0 × 10−2 1.0× 102
B 1.5 4.5× 10−3 1.6 × 10−3 0.9× 102
3.0 6.1× 10−6 1.5 × 10−4 0.2× 102
TABLE II: Ratio Emech (sfl)/Emech (b) for the f -mode, the p1-
mode and the sf0-mode, for different values of redshifted tem-
perature, for the models A and B. Notice that this ratio is
slightly amplified for the f -mode at T∞ = 1.3 × 108 K in
model A and at T∞ = 1.5× 108 K in model B, because these
temperatures are close to the temperatures of the avoided-
crossings with superfluid modes, see Fig. 4.
of modes: normal modes, corresponding (with very mi-
nor differences) to the fundamental and pressure modes
of non-superfluid stars; and superfluid modes, directly
associated to the superfluid degrees of freedom.
The frequencies of normal modes are almost inde-
pendent of the NS temperature, but those of super-
fluid modes have a strong temperature dependence. The
curves ν(T∞) of normal and superfluid modes show
avoided crossings at specific resonance values T∞i of
the temperature. Far from these values, the frequen-
cies of the modes are accurately described by the decou-
pling approximation formulated in [44] and studied in
[41, 42], where the coupling between superfluid and non-
superfluid degrees of freedom was neglected; on the other
hand, this coupling is important at temperatures close to
the resonance temperatures T∞i .
Our approach allows to directly compute the gravita-
tional damping times of the QNMs. We find (consis-
tently with the results of Refs. [41, 44]) that the gravita-
tional damping times of superfluid modes are much larger
(& 102−103 s) than those of normal modes, but at the
resonance temperatures they have a sharp decrease and
become similar to those of normal modes.5 These results
imply that, when a NS, during its cooling, reaches one
of the resonance temperatures T∞i , the superfluid modes
become potentially efficient GW sources, and may appear
in the GW spectrum.
The fact that the frequencies of the QNMs as functions
of the temperature show avoided crossings confirms pre-
5 Analogous behaviour was noted in Ref. [42] for the viscous damp-
ing times τb+s in the decoupled limit. Viscous damping times
for normal modes are much larger than for superfluid modes,
and decrease sharply near the resonance temperatures. We
also note that for the lowest frequency modes τGW < τb+s at
T∞ > 3 × 107 K, therefore these modes are mainly damped by
GW emission rather than by viscosity.
vious results for radial modes [43–45], and suggests that
r-modes of rotating, superfluid NSs could have the same
structure. This would have far-reaching consequences,
since – as shown in Refs. [69, 70] – such hypothesis could
allow to explain the puzzling observations of hot rapidly
rotating NSs in low-mass X-ray binaries.
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Appendix: Explicit form of the perturbation
equations
Non-radial perturbations of stationary, spherically
symmetric, superfluid stars are described in general rel-
ativity by four first-order differential equations for the
quantities H lm1 , K
lm, W lm(b) , X
lm (for brevity of notation
we here omit the superscript (0) for background quanti-
ties):
H lm ′1 = −
1
r
[
ℓ+ 1 +
2meλ
r
+ 4πr2eλ(P − ρ)
]
H lm1
+
eλ
r
[
H lm0 +K
lm − 16π(ρ+ P )V lm(b)
]
, (A.1)
K lm ′ =
1
r
H lm0 +
ℓ(ℓ+ 1)
2r
H lm1
−
[
ℓ+ 1
r
−
ν′
2
]
K lm − 8π(ρ+ P )
eλ/2
r
W lm(b) ,(A.2)
W lm ′(b) = −
ℓ+ 1
r
W lm(b) + re
λ/2
[
e−ν/2
γP
X lm
−
ℓ(ℓ+ 1)
r2
V lm(b) +
1
2
H lm0 +K
lm
]
, (A.3)
X lm ′ = −
ℓ
r
X lm +
(ρ+ P )eν/2
2
{(
1
r
−
ν′
2
)
H lm0
+
[
rω2e−ν +
ℓ(ℓ+ 1)
2r
]
H lm1 +
(
3
2
ν′ −
1
r
)
K lm
−
ℓ(ℓ+ 1)
r2
ν′V lm(b) −
2
r
[
4π(ρ+ P )eλ/2 + ω2eλ/2−ν
−
r2
2
(
e−λ/2
r2
ν′
)′]
W lm(b)
}
, (A.4)
and one second-order differential equation
δµlm ′′ = −
[
h′
h
−
λ′
2
+
2(l + 1)
r
]
δµlm ′
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−
[
(1 − eλ)
l(l + 1)
r2
+
l
r
(
h′
h
−
λ′
2
)]
δµlm
+eλ−ν/2
ω2
hB
(
δµlm +
γ2
nbγ3
X lm
)
(A.5)
for δµlm. The quantities H lm0 , V
lm
(b) , X
lm are given by
the algebraic relations:[
3m+
(ℓ−1)(ℓ+2)
2
r + 4πr3P
]
H lm0 − 8πr
3e−ν/2X lm
+
[
ℓ(ℓ+ 1)
2
(m+ 4πr3P )− ω2r3e−(λ+ν)
]
H lm1
−
[
(ℓ− 1)(ℓ + 2)
2
r − ω2r3e−ν
−
eλ
r
(m+ 4πr3P )(3m− r + 4πr3P )
]
K lm = 0 , (A.6)
ω2(ρ+ P )e−ν/2V lm(b) = X
lm +
P ′
r
e(ν−λ)/2W lm(b)
−
eν/2
2
(ρ+ P )H lm0 , (A.7)
X lm =
1
1− γ2
(
X lm + γ3nbδµ
lm
)
. (A.8)
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